Abstract In this paper we study the motion of massless particles on a static BTZ black hole background in the context of scale-dependent gravity, which is characterized by the running parameter ǫ. Thus, by using standard methods we obtain the equation of motions and then analytic solutions are found. The relevant non-trivial differences appear when we compare our solution against the classical counterpart.
Introduction
General Relativity (GR) predicts the existence of the so-called Black Holes (BHs). These objects play a dominant role in physics because we know they link not just gravity but also include quantum and statistical mechanics. The Hawking's work [1, 2] showed that black holes indeed emit radiation from their horizon. This is one of the most important features which reveals that this objects are perfect to get insight in several directions in gravitational theories. In addition, BHs are parametrized by just a few constants: i) the mass, ii) the angular momentum and iii) the charge. Despite the conceptually interesting features that black hole exibit, was just after the LIGO direct detections of gravitational waves [3] [4] [5] when them received considerable attention. Currently, one of the most relevant topics is concerning about the so-called Quasinormal modes (QNM) of black holes, which contains invaluable information regarding the aforementioned parameters of BH solution. To become familiar with, can see the classical reviews [6, 7] and for more recent solutions see [8] [9] [10] [11] [12] [13] . Given that black holes combine classical and quantum effects, the research of this kind of objects might help us to improve our understanding of how gravity and quantum mechanics work together. In particular, jut after the seminal work of Deser, Jackiw, 't Hooft and Witten [14] [15] [16] [17] , gravitation in (2+1) dimensions was considered as an ideal scenario to investigate conceptual issues such as the nature of observables and the "problem of time" [18] . Thus, in order to check effects beyond classical Einstein gravity, the BTZ black hole (the first BH obtained with negative cosmological constant in that dimension) serve as a toy model to try to understand quantum gravity. Originally, general relativity in (2+1) dimensions was not considered seriously. One of the main reasons is that it does not have a Newtonian limit [19] , however, the pioneer BTZ solution showed that it is indeed a black hole and it is interesting to learn about it due: i) it has an event horizon ii) it appears as the final state of collapsing matter, and finally iii) it has thermodynamic properties quiet similar to a (3+1)-dimensional black hole [18] .
Thus, after the discovery of BTZ black hole solution [20, 21] the idea of gravity in (2+1) dimension gained a lot of adepts analizing several interesting properties usually treated in the (3+1) dimensional counterpart, for example: its geodesic structure [22] , thermodynamic properties [18, 23, 24] , quasinormal modes [8, 25, 26] , stable and regular interior solutions that matches with a BTZ background [27] [28] [29] [30] scale-dependent solutions [31, 32] , among others. In light of this, in the present paper, we will investigate the gravitational effects on light produced in the spacetime of the scale-dependent version of the classical BTZ black hole (recently, Rincón & Villanueva have studied the Sagnac effect in these scenarios [33] ). The importance of this study is twofold: first, because the motion of light provides a way to classify an arbitrary spacetime (in order to reveal its structure) and second because the quantum features of this scale-dependent black hole could modify the classical trajectories of light.
This article is organized as follow: after this brief introduction, we will discuss the fundamental ingredients of scale-dependent theory of gravity in Sect. 2 and, after that, in Sect. 3 we will discuss briefly the scaledependent solution in (2+1) dimensions. Then, in Sect. 4 we obtain the equations of motion for massless particles by making use of the standard Lagrangian procedure on this static scale-dependent BTZ black hole solution, and finally in the last section we will briefly summarize the main result of this paper.
Scale-Dependent Theory
The so-called scale-dependent scenario has received considerable attention in the context of black holes, wormholes, quasinormal modes as well as other applications. Given that the philosophy beyond this method is novel, we will briefly summarize the main points regarding how this idea is applied. First, for a more detailed discussion see [12, [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] .
The crucial point is that in the scale-dependent scenario, the couplings of a certain theory are not constant any more. Inspired by the asymptotic safety program we allow that the coupling evolve with certain energy scale. This assumption allows to extend the classical well-defined solutions to include quantum corrections which, by definition, are taken to be small. In our particular problem, we only have two coupling: i) the Newtons coupling G k and ii) the cosmological coupling Λ k . Please, be aware by noting that the Newton's coupling is related with the gravitational coupling using the simple relation κ k ≡ 8πG k . The problem have two independent fields: i) the arbitrary energy scale k and ii) the metric field g µν The effective action is then written as
where L M is the Lagrangian density of the matter fields, and after varying the effective action with respect to the metric field, the effective Einstein field equations are as follows:
where the effective energy momentum tensor is defined according to
The object T effec µν now include two contributions, i.e. in addition to the usual matter content, we now have the non-matter source provided by the running of the gravitational coupling. This new tensor is then defined as:
Even though matter source is always an interesting ingredient in gravitational theories, we will focus on the simplest case in which T M µν = 0 to investigate the effect of the scale-dependent couplings into a the wellknown BTZ black hole solution. Please, note that in some circumstances, the cosmological coupling is taken as a source term giving rise to T M µν = 0. This, however, is just a reinterpretation of the cosmological constant and does not provide a real source.
The additional field k(x) gives us an auxiliary equation to complete the set. Thus, the relation is obtained from the condition
This restriction can be seen as an a posteriori condition towards background independence [46] [47] [48] [49] [50] [51] [52] The Rel. (5) provides us a restriction between G k and Λ k which reveals that the cosmological parameter needs to be considered in order to obtain self-consistent scaledependent solutions. Notice that if we consider an additional contribution i.e., if L M = 0, then the cosmological coupling is not mandatory. As we commented before, the above equation closes the system, but the implementation of this is a difficult task.
To get physical information out of those equations one has to set the renormalization scale k(x) in terms of the physical variables of the system under consideration k → k(x, . . . ). This choise, however, breaks the reparametrization symmetry. In order to recover the aforementioned symmetry, and to circumvent the use of (5), we can supplement the field equations by assuming some energy constraint. Usually we have four standard energy conditions which play a important role in GR. Despite many times some of these conditions can be violated, in general a well-defined model/solution maintain the validity of, at least, one of the energy conditions. In general, of the four energy conditions, the so-called null energy condition (NEC) is the least restrictive of them. We take advantage of the extreme NEC condition to get
where ℓ µ is a null vector, taken similar to [36] . A clever choise of this vector allows us to get a differential equation for the gravitational coupling, namely
Solving the above differential equation we decrease a degree of freedom of the problem. After replacing G(r) into the effective Einstein field equations we are able to obtain the functions involved. It is remarkable that, for the case of coordinate transformations we have
In the next section we will briefly discuss a new black hole solution in the context of scale-dependent couplings inspired by quantum gravity reported in [31, 40] .
The background: Static circularly symmetric black hole solutions
The metric, in the absence of charge, adopts circular symmetry whereas the functions involved only have radial dependence. With this in mind, the line element defined in terms of the usual Schwarzschild coordinates (ct, r, φ) is as follow
where we need to found the metric funtion f (r) and the cosmological coupling Λ(r). Solving first (7) and then {f (r), Λ(r)} we obtain
where Y (r) is an auxiliary function defined as follow
The set of constants (· · · ) 0 are defined as the classical values, and ǫ is the parameter which encodes the scaledependent corrections. We then have four integration constants: i) the gravitational coupling G 0 , ii) the cosmological coupling
0 , iii) the classical mass M 0 and finally iv) the running parameter ǫ.
On the other hand, the non-rotating classical solution [20, 21] , should be obtained when ǫ is turned off, i.e.
According to the fact that the exact solution for the scale-dependent problem is complicated, and taking into account that quantum correction should be small, we can expand the full solution up to first order in ǫr to obtain:
where M ≡ M 0 /m p is the dimensionless mass, and m p is the Planck mass in the (2+1) gravity given by [24] 
The event horizon can be obtained demanding that f (r) = 0. Thus, from Eq. (18) we have two solutions:
where only the positive root has physical meaning. Furthermore, the parameter R 0 ≡ √ 8M ℓ 0 is the classical horizon (i.e. the event horizon when ǫ goes to zero).
Again, taking a Taylor series for small ǫ we observe how the classical horizon is corrected by taking into account quantum effects
Notice that an important relation is obtained from Eq. (21)
and also, the lapse function can be written as
Null Geodesics
In order to investigate motion of test particles on a static scale-dependent BTZ black hole background using the standard Lagrangian procedure [53] [54] [55] , we write the Lagrangian associated to the line element (9) which, for photons, reads
where a dot means derivative with respect to an affine parameter τ along the geodesic. Since {t, φ} are cyclic coordinates, the corresponding conjugate momenta are conserved, so that
where E is a constant which cannot be associated with the energy (per unit of mass) since the spacetime is not asymptotically flat, whereas L is the magnitude of the angular momentum. Replacing Eqs. (26) into Eq. (25) and defining E ≡ E/c 2 we obtain dr dτ
where V eff (r) is the effective potential given by
Moreover, the potential presents a maximum at r m = ǫ −1 and has a value
In Fig. 1 this effective potential is plotted for different values of the parameters. It is remarkable that the classical solution does not depend on the horizon radius, however, the quantum counterpart depends on the combination ǫR 0 which means that the maximum will be shifted when ǫ increases. Using the second relation of Eq. (26) and the chain rule, we obtain the radial-angular equation of motion, which is given by
Additionally, Eq. (28) together with Eqs. (27) and (30) allow us to obtain explicitly the equations of motion, which reads
and, with the change of variable u = 1/r,
where u m = ǫ, b = L/E is the impact parameter and b c is a critical impact parameter, which corresponds to the value of the impact parameter for photons whose constant of motion E 2 = V eff (r m ), given by
We observe that the critical value is, in this case, smaller than the classical counterpart.
Radial Motion
Photons with vanished angular momentum L = 0 have a zero effective potential, and then follow a radial motion. By imposing this condition in Eq. (31), it is straightforward to see that
where r 0 is the location of the photon at τ = 0, and the plus (minus) sign indicates that the movement is made towards the spatial infinity (event horizon). For the coordinate time, we use together Eqs. (26)- (31) to obtain the following quadrature
so an elementary integration yields there are two turning points, r 1 and r 2 , which correspond to the periastron and apoastron distance for orbits of the first and second kind, respectively; geodesics with impact parameter b = b c allows an unstable circular orbit so photons arriving from infinity asymptotically approaches to the circle of radius r m by spiralling. Also, from the opposite side, photons approaches to the same circle by spiralling around it; finally, if b < b c the motion is unbounded and photons coming from infinite goes to the event horizon and vice versa. where
Notice from Eq. (36) and Fig. 2 that for an observer at infinity, photons take an infinite time to reach the horizon r + and a finite time
to escape to infinity. This behaviour was reported before by Villanueva & Vásquez in the context of asymptotically Lifshitz spacetimes [56] .
The critical motion
Returning to the general equation (32) we must distinguish the different possible cases based on the disposition of the roots of the polynomial g(u) = 0. In order to obtain a qualitative analysis of the allowed motion we refers to the Fig.1 . Clearly in terms of the impact parameter b, there are three different allowed motion. The first one corresponds to the case b = b c so we have g(u) = 8M (u − u m ) 2 = 0, so the motion corresponds to an asymptotic circular orbit (unstable) at r = r m . Thus, considering φ = 0 when r = r 0 , an integration of Eq. (32) leads to
where the plus (minus) sign corresponds to the motion for which r 0 > r m (r 0 < r m ), and the corresponding polar plot are showed in Fig. 3 . On the other hand, this kind of orbit allows to define a cone of avoidance whose generators are null rays [53, 54, 57] . Denoting Ψ as the half angle of the cone then, cot Ψ = 1 r dr dφ (40) wherer is the proper length along the generators of the cone Combining Eqs. (41) and (30) with Eq. (40) one obtains that
From this last equation it follows that
An important remark from the first of Eqs. (43) is that the angle Ψ goes to a constant value, which is radically different to the (3+1) gravity where Ψ ∼ 1/r as r → ∞.
The Bounded Motion
As is shows in Fig. 1 , in the case when b c < b < ∞ there are two kinds of allowed orbits: the orbits of the first kind where r 1 < r, so photons are scattered and reaches the spatial infinity, and orbits of the second kind for which the turning point satisfies the condition r 2 > r, so photons cannot escape the capture zone and fall inexorably to the event horizon. The values of these turning points are obtained from the condition E 2 = V eff , and are given by
where ε is the eccentricity given by
and D is the anomalous impact parameter given by the relation
Therefore, for orbits of the first kind with φ = 0 at r = r 1 , a quick integration of Eq. (32) yields
which is depicted in Fig.(4) . Note that the test particles reach the infinity for an angle φ = ±φ 1 , given by
so the deflection angle α = π − 2φ 1 becomes
In Fig. 5 the the eccentricity (45) and deflection angle (49) are plotted as a function of the impact parameter b. On the other hand, orbits of the second kind for which φ = 0 at r = r 2 , are described for the following trajectory Orbits of the first kind for photons whose radial coordinate is always greater than the periastron distance r 1 , and the motion is symmetric with respect to r 1 so the deflection angle result to be α = π − 2φ 1 . RIGHT: Orbits of the second kind for photons whose radial coordinate is always smaller than the apoastron distance r 2 . Both graphs were made using ǫ = 10 −2 (in arbitrary reciprocal length units), M = 10 and ℓ 0 = 100 (in arbitrary length units), so that r m = 100, b c = 11.11 (in arbitrary length units). which is depicted in the right panel of Fig. 4 and, obviously, depends on the same parameter as orbits of the first kind.
The Unbounded Motion
When 0 < b < b c the polynomial g(u) possesses a complex pair conjugate so that the motion is unbounded. This means that photons fall to the event horizon (or, depending on the initial conditions, to the spatial infinity) from a finite distance r 0 . Therefore, for test particles coming from r 0 > r m where φ = 0, the trajectory is described by
Hereε is the eccentricity associated to the unbounded motion and is given bȳ
and ϕ depends on the initial position according to
Notice from Eq. (52) that now the range of the eccentricity is 0 <ε < ∞, as shown in the left panel of Fig. 6 . Also, in the right panel of the same graph the unbounded trajectory is plotted.
Conclusions
In this contribution we have studied some relevant aspects of the geodesic structure of a scale-dependent BTZ black hole without angular momentum. Since the value of running parameter ǫ is small, we can justify the first-order work on this parameter so that we can analytically study the different possible trajectories followed by massless particles. The radial motion presents some similar feature as the standard black holes: for an observer at infinity, photons take an infinite (coordinate) time to reach the horizon even though in its proper system they cross the event horizon in a finite (proper) time. On the other hand, the observer will see that photons arrive at spatial infinity in a finite time t ∞ = t c ln κ
0 , where t c and κ 0 are given by Eq. (37). This last feature was reported before by Villanueva & Vásquez [56] in the context of the Lifshitz space-times.
The angular motion is completely different to the standard non-rotating BTZ black hole. It is due to the existence of the extra term 16M ǫr in Eq. (18) . Precisely, the scale-dependent BTZ black hole provides us of more complex physical situations which are absent in its classical counterpart. The linear term proportional to ǫr plays a crucial role. Thus, given the structure of the lapse function, the effective potential has a maximum (located at r m = ǫ −1 , see Fig. 1 ) and therefore three well-defined regions, i.e. i) b = b c (critical trajectories), ii) b > b c (bounded trajectories), and finally iii) b < b c (unbounded trajectories). In the critical motion, we found that photons approaches the circle of radius r m , asymptotically, by spiralling around it with an infinite number of times. Also, the cone of avoidance is calculated which is radically different to the (3+1) gravity where the half angle of the cone Ψ ∼ 1/r as r → ∞, whereas in our case the angle goes to a non zero value Ψ ∼ r m /R 0 in that limit. For the bounded motion we have calculated analytically the orbits of the first kind whose radial coordinate satisfies the condition r > r 1 > r m , where r 1 is the periastron distance given by Eq. (44) , and orbits of the second kind for which the relation r < r 2 < r m is satisfied, where r 2 is the apoastron distance. Both orbits strongly depend on the anomalous impact parameter D (c.f. Eq. (46)), across the eccentricity parameter 0 < ε < 1, given by Eq. (45) (c.f. Fig. 4) . Also, the deflection angle α for orbits of the first kind is analytically calculated in terms of the impact parameter b. Both quantities, ε and α, are plotted as a function of b in Fig. 5 . Finally, the unbounded motion is studied analytically resulting in the trajectories defined by Eq. (51), which depend on the impact parameter via the eccentricity 0 <ε < ∞ given by Eq. (52), see Fig. 6 .
